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Symmetric central configurations
of thespatial n-body problem
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Abstract. Wecharacterizethenon-planarcentralconfigurationsofthespatial n-body
problemwith equalmasseswhichareorbitsofafinitegroupofisoincitiesof R3 . As
a corollary we obtain that the spatial n-bodyproblemwith equalmassesand n>
5 hasat least two equivalenceclassesofnon-planarcentralconfigurationsmodulo
hornothetiesandrotations.

1. INTRODUCTION AND STATEMENT OF THE RESULTS

Let q
1,... q,~E Rd denotethe positionsof n bodieswith massesm1 ,. . . , m,~

respectively.Theirmotion is describedby theequations

(1.1) m1~1= — ~m1m~ ~ = —V1V(q) for i = 1,...

where
mm

V(q)=—~ ~
q2 q,

is the potentialenergy V : R~ \ A —~ R and A = U~<5A~is the set of collisions
because = . . . , q0) E Rd~~ = q,}. We fix thecenterof mass~ m~q1
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attheorigin of Rd. Thusthe configurationspacefor the n-body problemis X \ A
where X = {(q1,...,q~)E R~”~>Jm1q~= O}.

A point q = (q1,... , q,~)E X \A isa centralconfigurationof the n-bodyproblem

if thereexistsa scalar-valuedfunction ~(t) suchthat a solution of(1.l) hastheform
q~(t)q.

Of course,if q is acentralconfigurationthen sois aq for anynon-zerorealnumber
a. Thereforein studying centralconfigurationswemay restrictour attentionto the
ellipsoid E = {q E X I ~ m,Iq~j

2= 1 }. Now supposethat q E E is a central

configuration.From (1.1) and thehomogeneityof V(q) , we have

(1.2) ~m
1q~= —&

2V~V(q) for i = 1,... , n

that is,

)~m
1q~°V~V(q), ~ = —V(q).

Conversely,if weassumethat )~m1q~= V~V(q)for i = 1,... , n and q ~ E, then
a solution ~(t) of the equation~ = ~r

2V(q) provides a solution of(1.2); so q is a

centralconfiguration.
The group SO(cL) acts diagonallyon E leaving invariant theset of solutionsof

(1.1). Then, if Cd is the setof centralconfigurationsof E for the n-bodyproblemin

Rd , let Cd betheset of equivalenceclassesof Cd, where q
1, q2 E Cd are equivalent

if they differ by a rotationof SO(d) . An elementof Cd is denotedby ~ and it is a
centralconfigurationmodulohomothetiesandrotations.

Thefollowing factsareknown (seefor instancethe referencesof [4] and [6]).

(1) If n ~ 2, C1 hasexaciiy n! /2 elements(Moulton).
(2) If n= 2, Cd hasoneelementfor d= 2,3.
(3) If n = 3, C~has five elementsfor d = 2 , 3 (EulerandLagrange).
(4) If n ~ 4 and d = 2 thereare severalresultsduemainly to Palmore,seealso

[5].

(5) If n> 4, d = 3 and m1 = ... m~,then,by usingequivariantMorsetheory,
Pacellashowsthat Cd hasat leastonenon-planarclement.

Thequestionasto whetherCd ,for d= 2 , 3 ,is finite for everychoiceof m1,... , m~

is anopenproblem[6].
From now on weshall considerthe n-bodyproblemin R

3 with equalmasses,i.e.
m

1 = ...= m,~= m. Apoint q = (q1,...,q~) E X\A willbecalledasymmetric
centralconfigurationif it is a centralconfigurationof the n-bodyproblemin It

3 with

equalmassesand the set {q
1,. .. , q~}is an orbit by the actionof a finite subgroupof

0(3) on It
3 , that is, by the actionof a finite groupof isometrics(fixing theorigin) of

It3 . Thenext lemmafacilitatesthe studyof the symmetriccentralconfigurations.
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Table!. The pointsof thesymmetriccentral configurationsarethe verticesof thepolyhedra.
Werefer the reader to [2] for the notation on the finite groups of isometries.

n Classes of symmetric Orbitsbytheaction
centralconfigurations of the groups

[2 2]~[2~ 4~][2~ 4]
4 Regulartetrahedron ~

f [2,3]~,[2~,6~],[2~,6],
6 Regularoctahedron(antiprism) ..~ [33] [33]

~ [3 4]~ [3+ 4] [3 4].

1 [2,2], [2~,4],[2,4~],
8 Cube(prism) .~ [2,4]~,[2,4].

1_ [3,4]~,[3~,4],[3,4].

Truncatedregulartetrahedron [3, 3]F, [3,3].

12 Cuboctahedron
([3 3]~[3~4]

Regularicosahedron ~ [35]~[35]

20 Regulardodecahedron [3, 5]~,[3, 5].

Truncatedregularoctahedron [3,3], [3,4] ~ [34]
Truncatedcube 113 41+ 13+ 4 3 4

24 ParalleIlybevelledcube J L ,

Laevosnubcube 1 ~ 4] +

Dextrosnubcube J
30 Icosidodecahedron [3 5] [35]

48 Parallellybevelledtruncatedcube [3,4].

Truncatedregularicosahedron
Truncatedregulardodecahedron ~‘. [3,5] [3 5]

60 Parallellybevelledregularicosahedron J

Laevosnubdodecahedron 1 ~ +

Dextrosnubdodecahedron J
I20 Parallellybevelledtruncatedregularicosaedron [3,5].

n=
2q >6 Antiprism [2,q]’~,[2~,2q~], [2~,2q].

n=2q>4 ]
~. Prismwith regularbases [2,q]~,[2,g~],[2,q].

4%n j

n= 4q >4 Prismwithregularbases {‘]2~2~]+[22q]
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a=2 sin(1T/8) a=2 sin(7T/8)
b=1 .1826926798 b=1 .1812939808

Prism Antiprism

a=0.2633505885 a=0. 1354370844 a=0. 1244314245
b~0.2251505945 b=0. 1194933079 b=0.1033070992

Truncated tetrahedron Truncated octahedron Truncated cube

a=0.1494611969 a=0.1465202829
b=0.1431487162 b=0.1563617046

c=0. 1585644367

Bevelled cube Snub cube

Figure 1. Non.regular symmetric central configurations.
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a=0.0612936962 a=0.0532761552
b=0.0565510983 b=0.0500024475

c=O .0727626850

Bevelled truncated cube Truncated icosahedron

a=0.0474858455 a=0.0615532933
b=0.0388071582 b”0.0553731999

Truncated dodecahedron Bevelled icosahedron

a=0.0560354549 a=0.0227101315
b=0.0638882742 b0.0214588764
c=0.0659068213 c~0.0306799151

Snub dodecahedron Bevelled truncated icosahedron

Figure 1. (cont.).
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LEMMA 1.1. Let {q
1,...,q5} CR

3 \{0} bean orbit bythe action ofa finite subgroup

G of 0(3) . Then (q
1,... , q~)is a syinmetnccentralconfigurationif a.ndonlyif

(1.3) jiq1=~ with ~>0.
5=2 q1 q,

Proof From(1.2), we havethat (q1,... , q,~)is acentralconfigurationif andonly if

~ ______ ~2 V(q)
(1.4) = 5=1 — with ~i = m~~I~=I q~I

2>0,

for i = 1,... , n. So the “only if” part follows. Since {q
1,... , q5} is anorbit by the

actionof G ,thereexists cp ~ C suchthat ~(q1) = q2 . Therefore(1.4) follows from

(1.3),andthe“if” partis proved.

Ourmain resultis the following one:

THEOREMA. Thenon-planarsymmetriccentralconfigurationsmodulo homothetiesand

rotations aregivenin Tableland Figure 1.

Theexistenceof the symmetriccentral configurationsgivenin TableI is provedan-

alytica].ly, but theuniquenessis shownnumerically,seeSections3,4,5 and6.

Remark 1.2. If (q1, ... , q,~)is asymmetriccentralconfigurationfor the n-bodyprob-

lem,then (q1, ..., q5, 0) is a centralconfigurationfor the (n+ 1) -bodyproblem.

By TheoremA andRemark1.2, the following resultfollows immediately.

COROLLARY B. C3 hasat least 2 non-planar elements for the n-body problem with

equalmasseswhenn> 5.

This corollaryimprovesthe result(5) of Pacella,seean analyticproof of it in Sec-

tion 3.

2. ORBITS BY THE ACTION OF A FINITE GROUP OF ISOMETRIES

Now, we summarizethewell-knownresultson finite groupsof isometrics.

A finite subgroupF of 0(3) generatedby reflectionsin anynumberof planesis

equally well generatedby reflectionsin all their transforms:a configurationof planes
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thatissymmetricalby reflectionsineachone.Theseplanesall passthroughtheorigin 0

and determine a corresponding configuration of great circles on S2 . Thesegreatcircles
decomposeS2 into a finite numberof regions(namelyhemispheres,Iunes,or spherical

triangles)whoseanglesare submultiplesof it [1]. All the regionsarecongruent(with
a possiblereversalof sense),sinceeachreflects into its neighbours.Theseregionsare

called fundamentalregions. Thereis a point insideor on theboundaryof oneof these
regionsfor eachorbit by theactionof F on S2

Any finite subgroup C of 0(3) is a subgroupof a finite subgroup F of 0(3)

generatedby reflections[2].
Thefinitegroupsgeneratedbyreflectionsare:
[I] ,oforder 2 , generatedby the reflection in a singleplanewhichcuts S2 into

two hemispheres.
[q] ,of order 2 q, generatedby two reflections R

1 , R2 in two planeswhich cut

themselveswith angle ir/q (q > 2).

[2 , q] ,oforder 4 q , with a fundamentalregiongiven by a sphericaltriangleof angles
ir/2, ir/q, ir/2 (q � 2).

[3, 3] ,of order 24 , with afundamentalregiongivenby asphericaltriangleof angles
ir/3, ir/3, ir/2.

[3,4] ,oforder 48 , with a fundamentalregiongiven by asphericaltriangleof angles

ir/3, ir/4, ir/2.
[3, 5] ,oforder 120 , with a fundamentalregiongiven by asphericaltriangleof angles

ir/3, ir/5, ir/2.

The groups [p, q] are generatedby reflections R1 , R2, R3 satisfying

= = = (R1R2)
2= (R

2R3)
t = (R

3R1)
2 =

where E is theidentity.

Thepropernon-trivial subgroupsofthefinite reflectiongroupsare:
[q] ~, thesubgroupof index 2 of [q] , generatedby therotation R

1 R2 (q � 2).
[p,q]~ the subgroup of index 2 of [p, q] , generatedby the rotations R1R2, R2 R3.
~ q] (q even),thesubgroupof index 2 of [p, q] , generatedby R1 R2 and R3.

[p, q~](p even),thesubgroupof index 2 of [p, q] , generatedby l?2 R3 and R1
[2 ~q~](q even),thesubgroupof index 4 of [2 , q] ,generatedby R1 R2 R3.

Now westartthedescriptionof theorbitsby theactionof thefinite groupof isometrics

on S
2.

Theorbitsof anypointof S2 by theactionof anyfinite subgroupof [q] areplanar.

Let T’ bethefundamentalregion T of thegroup [2, q] minusthenorth pole and
theequator(seeFigure2). Sincetheorbitsof thenorth poleorof anypointoftheequator

by theaction of anysubgroupof [2, q] are planar,in what follows we only study the
orbits of pointsin T’.
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North pole

iT! q

/ r2f \r3 \
T

11/2 11/2

r1 Equator

Figure 2. Fundamental region T of the group [2 q] . The edgesr~
correspondto the planesof thereflections R. for i = 1, 2, 3

The orbits of any point inside T’ by the action of [2 , q] are theverticesof prisms

whose faces consist of two 2 q -gons (regular or not) connected by 2 q rectangles. For

the remainder points of T’ the orbits by the action of [2, q] are the vertices of prisms
with thebasesformedby two regular q -gons.

The orbits of any point inside T’ by the action of [2 q] + are theverticesof an-

tiprismswhose faces Consist of two regular q -gons connected by 2 q triangles. For the
rest of the points of T’ the orbits by the action of [2, q]~ are the vertices of prisms

with two regular q -gon.s as bases.

The orbits of any point of T’ by the action of [2 , q~] aretheverticesof prismswith

two regular q -gonsasbases.

The orbits of any point inside T’ by the action of [
2~,2q] are the vertices of

pseudo-prismswhose faces Consist of two 2 q -gons connected by 2 q trapezia. For
thepointsof 7” on the edge r

3 (seeFigure2),the orbits are the vertices of antiprisms

with two regular q -gonsasbases.Forthepoints of T’ on the edger2 ,theorbits are
the vertices of prisms with two regular 2 q -gons as bases.

The orbits of any point of T’ by the action of [2 + ,2q~] are the vertices of an-
tiprisms with two regular q -gons as bases.

Let T3 be the spherical triangle of anglesit/3, it/3 and it/2 (see Figure 3(a)).

The orbits of the vertices B,C of I’3 by the action of [3 , 3] + and [3, 3] consist

of the vertices of regular tetrahedra. The orbit of the vertex A of 7’3 by the action
of [3, 3] + or [3, 3] consistsof the vertices of a regular octahedron. The orbits of
any point on the two edges r1 and r3 of I’3 by the action of [3, 3]~ or [3,3] arc
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r r A~
1 B r B

(a) (b) (c)

Figure 3. Fundamentalregionsof thegroups [3,3], [3, 4}, [3, 5] . The edgesr, correspond
to theplanesof the reflections R~for i = I , 2, 3

the verticesof truncatedregular tetrahedra.The orbits of any point on theremainder

edgeof T3 by theaction of [3 , 3] + or [3, 3] are the verticesof parallelly bevelled
regulartetrahedra.Theorbitsof anypointinside T3 by theactionof [3,3] Consistof

the verticesof parallellybevelledtruncatedregulartetrahedra.Theorbitsof anypoint
inside T3 by the actionof [33] + consistof the verticesof non-parallellybevelled

regulartetrahedra.

Let T4 bethesphericaltriangleof angles it/
3, ir/4 and ir/2 (seeFigure3(b)).

Theorbitof thevertex B (resp. C or A) of T
4 by theactionof [3,4] ~, [3 + , 4]

or [3 , 4] consistsof theverticesof acube(resp.regularoctahedronor cuboctahedron).

Theorbitsof anypoint on theedger1 (resp. r2 ) of T4 by the actionof [3,4]~,

[3 + , 4] or [3,4] areformedby theverticesof truncatedcubes(resp.parallellybevelled
cubes).Theorbitsofanypointontheedger3 ofT4 bytheactionof[3,4]~ or [3,4]
(resp. [3f, 4]) are formedby the verticesof truncatedregularoctahedra(resp. non-

parallellybevelledregulartetrahedra).
The orbitsof anypoint inside T4 by theactionof [3,4] consistof theverticesof

parallellybevelledtruncatedcubes.Theorbitsof any point inside T4 by theactionof

[3,4] + are formedby theverticesof laevoor dextronon-parallellybevelledcubes(or
snubcubes).Theorbits of anypoint inside T4 by the actionof [3 + , 4] consistof the
verticesof laevoor dextrosnubparallelly bevelledcubes(seeFigure4).

Let 7’~bethe sphericaltriangleof anglesir/3, ir/5 and ir/2 (seeFigure 3(c)).

The orbit of the vertex C (resp. B or A) of T5 by the actionof [3,5]~ or
[3,5] consistsof theverticesof a regular icosahedron(resp. regulardodecahedronor
icosidodecahedron).

The orbits of any point on the edger1 (resp. r3 or r2 ) of 7’5 by the actionof
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Figure 4. Snub parallelly bevelledcube.

[3,5] + or [3, 5] consistof theverticesof truncatedregulardodecahedra(resp. u-un-

catedregularicosahedraor parallellybevelledregular icosahedra).
Theorbitsof anypoint insideof 7’~by theactionof [3 ,5] (resp. [3,5] + ) consist

of theverticesof parallellybevelledtruncatedregularicosahedra(resp.laevoor dextro
snubdodecahedra).

3. PRISMS, ANTIPRISMS AND PSEUDO-PRISMS

First weshallstudy theprismsandthe antiprismswith regularbases.
Consider P~= (cos(2iri/n),sin(2iri/n),a) and Q~= (cos((2iri/n) + /3),

sin((2iri/n)+8),—a) for i= 0,...,n—l ,with n� 3, a >0 and 0 </3< it/n.

If /3 = 0 thenthesepointsaretheverticesof aprism, otherwisethey arethe verticesof
anantiprism.

To studywhatof theseprisms andantiprismsare symmetriccentralconfigurations

wemustto solve theSystem(1.3) for (q1,... ,q2~)= (P0,... , P0_1 , Q0,... , Q5_~)

namely

fl~Ip•_p fl~.IQ_p0
(3.1) ~ 3 +>~ 3 ——/.LP0 with~>0,

i=l 1 5=0 )

where

r~=~P~—P0~=2 sin (~),

s,1Q5—P012 (sin2 (~+~)+a2)+.
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SinceP0=(l,0 ,a) ,the innerproducts (0,1,0) .pP0 and (a,0,—l) are

zero,andfrom (3.1) wehave

n—I sin +

F(/3,a) := ‘~ = 0,
5=0 (sin2 (~+ + a2)

(3.2)

n—i cos
2 (!L +

C($,a) := ~ ~ —~ (sin2 (~t~) : a2)! =

Notice that the equations(3.2) imply that the vectors ~ (P~—

~ (Q
5 — F’0) /a~and P0 arelinearlydependenLSincethepolyhedronof vertices

p01... , p,~1, Q0, ... , Q,~1 is convex,the fisrt vectormustbeof theform )~P0 with

)~<0 . Hence,thesystem(3.2) is equivalentto theequation(3.1).

Remark3.1. It is easyto seethat F(0, a) and F(ir/n, a) areidentically zerofor all

a>O.

LEMMA 3.2. For /3 = 0 and n ~ 3 , thereis a uniqueprism whosevertices P0,...,

P,.,.1, Q0,... ,Q,.~1form a s~inmetficcentralconfiguration.

Proof Wewrite G(0,a)= C—g(a) where C= ~ ~(sin(itj/n)~’ >0 and

1 n—i ~ (!LL’i
3.

a 5=1 (Sin
2 (L) + a2)

Notethat lim
5~.0+g(a) = +00 and that lim0...,+~,,,g(a) = 0. Sinceg is continu-

ous, thereexists a0 E (0,+oo) , suchthat g( a0) = C. Moreover,since g is clearly

decreasingit follows thatsuch a0 isunique.Hence,by Remark3.1,thelemmafollows.
.

In thenextlemmawe think in the tetrahedronasadegenerateantiprismwith n= 2

LEMMA 3.3. For /3 = ‘zr/n and n ~ 2 , thereis a uniqueantiprism whosevertices

Q0,.. . ,Q~1 form a symmetriccentralconfiguration.

Proof We define C as in the proofof Lemma 3.2. Then G(it/n, a) = C — g( a)

where

n—I cos
2 ~ + .1L\

\n 2n1

5=0 (sin2 (1. + + a2)’z~
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Weclaim that C < g( 0) . That is, we mustprovethat

n—i n—I I — sin2 (~(2j+i)~

n~)<~ 2n5=1 Si 5=0 sin3 ( 2n )
or equivalently

2n—i / n—I

sin~ .~L”\ <~sin3 (ir(2y+ 1)\
5=1 ~2n) 5=0 2n )~

Since ~ sin — ‘(irj/2 n) = I + 2 sin — ‘(‘zrj/2 n) , the proofof the claim

is reducedto showthat

n—i /
An := ~ ( sin’z (ir(2j+ 1)) 2 sin~(it~+ I))) ~ 0.

j=0\ 2n — 2n

It is easyto seethat A
2 = 2(v’~— 1) and A3 = II — 4s~/i/3. Now, we shall

provethat An > 0 for n ~ 4 . Clearly

n—i [(n—I)/2]
_______ ‘zr(2J+ l)”~

A~—~sin
3 lr(21+IY\ _______5=0 2n )_2 ~ sin~( 2n )

5=0

[n/2]
(it2j~

-2 ~sin~~~)

[(n_2)/4]

3(ir(2j+_1
= sin ~ 2n ~ sin_3/hi(23+_l)~

5=0 / j=[(n_2)/4)+1 2n )
(3.3) n—i ~(it(2j + “ [(n_2)/4]

+ ~ sin 1) —2 ~ ,_1(’zr(2j+_l)’\
5=-[-3n/4] \ 2n / 5=0 2n )

[(n-1)/2] i(it(21 + I) ~

—2 sin ~ 2n )
f=[(n—2)/4]+1

[n/4] ~n/2] /

I ir2j’\
sin

5=1 5=[n/4]+I c~2n)

=Bn + Cn + Dn + En,
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where

[(n—2)/4]

B~:= ~ (sin_3 (lr(23+ l)”~—2 i (ir(2j+ 1)~~\
~ 2n ,~ ~ ~ 2n

5=0

[n/4] /

:= ~ (sin_3 (lr(2)_ 1)) —2 sin_I (1r21))

_[_3n/4}_i
~ (‘zr(2j+ 1)’\

D,:= ~ ~ 2n
j=[(n—2)/4]+1

[(n—1)/2)
1 (ir(2~+1))

En:=—
2 ~ sin \ 2n

J=[(n_2)/4J+i

E~V2I

—2 ~ sin1 (it2j\

and [a] denotesthe integerpartfunctionof a ~ R.
Since sinx—2 sin3z� 0 for xE [0,’zr/4],wehavethat

Bn>sin-3(—
—2sin i—i.it) i~’z~

— 2n \2n1

On theotherhand,

sin3 (‘z~’~ ( 7~\3 8n3
~2n1 ~)

becausesinx < z for all z > 0 ; and

~ 48n3
24itn2_it3’

\2n1

becausex — x’z/6 < sin z for all x > 0 . Therefore,

8n3 96n3 8n3 96n3 8n3

(3.4) Bn>it324fl23 >~~3 23’zrn2 >~~~-.-2n

becausen~ 4.
Fromthedefinitionof Cn it follows immediatelythat

[n/4] /

(3.5) C~� > (sin_3 (~L)—2sin~(~))�0,
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becausesini —2 sin3 r ~ 0 for XE [0,it/4]
Since sin3 x ~ I for zE [it/4, 3it/4] ,andthenumberof summandsin Dn is

—[—3n/4] — [(n— 2)/4] — I ~ n/2 ,it follows that

(3.6) ~

Since sin~it < ~ for all it E [ir/4, 3ir/4] , and the numberof summandsin

E~is —[—3n/4] — [(n— 2)/4] — 1 < (n+ l)/2 ,it follows that

(3.7) En� —2 ~ —(n+ l)V~.

In short,from (3.3) to (3.7) we obtainthat

An >--~~ — 2n+ — (n+ l)~J~

4n3_ (3)

for all n ~ 4 . Hence,theclaim is proved.
Since lim

0..,~~g(a)= 0, C < g(0) and g is continuous,thereexists a0 > 0
suchthat 9(a0) = C , or equivalentlyC( it/n, a0) = 0 . A such a0 is uniquebecause
g is decreasingin (01+00) . Now, by Remark3.1, the lemmais proved.

Proofof Corollary B. Theprooffollows immediatelyfrom Lemmas3.2 and3.3. u

From§2, the 4 q verticesof anyprism whosefacesconsistof two non-regular2 q -

gonsconnectedby 2 q rectangleswhich are the orbit of one of them by the actionof
[2, q] (modulorotationsand homotheties)are (cos(2iri/q), sin(2 iri/q), +a) and

(cos((2iri/q) + (3),sin((2’zri/q) + /3),+a) ,with i = 0,... ,q —1, /3 E (0,it/q)

and a ~ 0 . Then, by usingLemma1.1, we obtain numericallythat the verticesof
suchprismscannotform a symmetriccentralconfiguration. Hence,by Lemma3.2, the

uniqueprisms which aresymmetric centralconfigurationshaveregularbases.TableII
givesthevalue a0 (seeLemma3.2) for suchsymmetriccentralconfigurationswhenthe

basesof theprism areregular q-gonsfor q = 3,4,... ,20.

The
2q vertices of any antipnsm are (cos(2iti/q),sin(2iti/q),a) and

(cos((2’zri/q) + /3),sin((2iri/q) + /3),—a) ,with /3 E (0,it/q), a ~‘ 0 and i =

0, ... , q — 1 . By usingtheequations(3.2), it follows numericallythat if /3 ~ ‘zr/q then

suchverticescannotform asymmetriccentral configuration. Therefore,by Lemma3.3,
theuniqueantiprismswhich aresymmetriccentralconfigurationsaregivenin TableIll
for q= 3,4,...,20 ;where a

0 isdefinedintheproofoftheLemma3.3.



SYMMETRICCENTRAL CONFIGURATIONS OF THE SPATIAL n.BODY PROBLEM 381

Table H. Prisms

q 00 q 00

3 0.7935817272 12 0.5498498147
4 0.7071067812 (cube) 13 0.5427483527

5 0.6596217680 14 0.5364294665

6 0.6292858889 15 0.5307529421
7 0.6077667978 16 0.5256121443

8 0.5913463399 17 0.5209241302

9 0.5781738270 18 0.5166231776

10 0.5672349011 19 0.5126563880

11 0.5579234481 20 0.5089806068

The 4q verticesof any pseudo-prismare (cos((iri/q) + /3), sin((iri/q) + /3), a),

(cos(iri/q),sin(iri/q),a),(cos((irj/q)+6),sin((irj/q)+/3),—a) and (cos(lr)/q),
sin(’zrj/q),—a) with ~3E (0,ir/q), a ~ 0, 1 = 0,

2,4,...,2q —2 and j =

l,3,5,...,2q — 1. By usingLemma 1.1 we obtain numericallythat the vert.icesof

suchpseudo-prismscannotform asymmetriccentralconfiguration.

LEMMA 3.4. The cubeis the uniqueregularprism whoseverticesform a symmetric

centralconfiguration.

Proof By usingthe notationof Lemma 3.2, a prism will be regularif /3 = 0 and

a = sin(‘zr/n) . A suchprismwill beasymmetriccentralconfigurationif G(0, a) = 0.

Since for n ~ 9 wehavethat

Table III. Antiprisms

q 00 q 00

3 0.7071067812 (octahedron) 12 0.5498299975

4 0.6766948174 13 0.5427400741

5 0.6482075959 14 0.5364259884

6 0.6248646668 15 0.5307514733
7 0.6060207350 16 0.5256115211

8 0.5906469904 17 0.5209238646

9 0.5778905566 18 0.5166230640

10 0.5671190812 19 0.5126563392

11 0.5578757091 20 0.5089805858
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Table IV. Regular prisms and antiprisms

n G(0,sin(ir/n)) G(ir/n,(sin
2(ir/n) —sin2(’zi/2n))’/’z)

3 0.50 0 (octahedron)

4 0 (cube) —1.22

5 —1.83 —4.21

6 —5.43 —9.50

7 —11.22 —17.65

8 —19.61 —29.18

9 —31.01 —4.4.60

10 —45.84 —64.43

11 —64.48 —89.19

G(0,a) ~~sjn~1 (~)— sin3 (~)
<(n—I) sin~(~)— sin3 (~)

(n_1)sin2(~)_l(n_1)it2_n2
0

sin
3 (~) — n~sin3 (~) -

it follows that theregularprism with 2 n vertices and n ~ 9 cannotbe a symmetric
centralconfiguration.FromTableIV, the lemmafollows.

LEMMA 3.5. Theoctahedronis theuniqueregularantiprism whoseverticesform asym-

metriccentralconfiguration.

Proof By usingthe notationof Lemma 3.3 an antiprismwill be regular if [3 = it/n

and a = (sin2(it/n) —sin2(it/2n))112 . Asuchantiprismwill beasymmetriccentral

configurationif G(it/n, a) = 0 . Since for n ~ 12 we havethat

G (~,a) <~ sin~ (~)-cos2 ~ (~)
<(n- I) •2 ~ - (~))~~n

= ((n—l)sin —)+sin (—)—ljsin
\nJ \2n1 / \n

7 it2 it ~
(n— l)—+ — — I sin —~2 2n /

7 10 2 ~ . ~ /it\ 12n— 10 — n2
3 <0,~ / \fl/ fl2~ifl ()
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it follows thattheregularantiprismwith 2 n verticesand n ~ 12 cannotbeaSymmet-
ric centralconfiguration.From Table IV, the lemmafollows. .

4. ORBITS BY THE ACTION OF [3,3] AND [3,3]~

In §2we haveseenthat theorbitsof a pointof S2 by theactionof [3 , 3] or [3 3] +

arethe verticesof a regulartetrahedron,a regularoctahedron,atruncatedregulartetra-
hedron,aparallellybevelledregulartetrahedron,anon-parallellybevelledregulartetra-
hedronor a parallellybevelledtruncatedregulartetrahedron.

It is well-knownthat the regular tetrahedron,the regularoctahedron,thecuboctabe-

dronandtheregularicosa.bedronaresyrnmet.riccentralconfigurations[3].

The cubocta.hedronis a special parallelly bevelledregular tetrahedron(seeFigure

5(a)). By using Lemma 1.1, we obtain numericallythat this is the uniqueparallelly
bevelledregulartetrahedron(modulorotationsandhomotheties)whichis a symmetric

centralconfiguration.
Theregularicosahedronis a specialnon-parallellybevelledregulartetrahedron(see

Figure 5(b)). By usingLemma 1.1, we obtainnumericallythat this is theuniquenon-
parallellybevelledregulartetrahedronwhichisa symmetriccentralconfiguration.

A truncatedregularoctahedronis aspecialparallellybevelledtruncatedregulartetra-
hedron(seeFigure5(c)). By usingLemma 1.1, we obtainnumericallythat thereexists

a uniquepara.Jlelly bevelledtruncatedregular tetrahedronwhich isa symmetriccentral
configurationand,in fact, this polyhedronis a truncatedregularoctahedron.We shall

showthe existenceof this symmetriccentralconfigurationin thenextsection.

—~ -‘I
—‘I __.., —

.— / — / , ,;
— / I — / I —. / I

/ I —- // I _~_~ / I

(a) Cuboctahedron (b) Icosahedron (c) Truncated
octahedron

Figure 5.



384 F. CEDO,I. LLIBRE

LEMMA 4.1. Thereexistsa truncatedregular tetrahedronwhoseverticesform a sym-

metriccentralconfiguration.

Proof Considerthefollowing points:

P1=(3—2a,—a,a), P2(a,2a—3,a),

P3=(a,—a,3—2a), P4=(a,3—2a,—a),

P5=(3—2a,a,—a), P6=(a,a,2a—3),

P., = (2a—3,a,a), P8 = (—a,a,3 —2a),

P9 = (—a, 3 — 2 a,a), P10 = (—a,
2a — 3, —a),

P
11(—a,—a,2a—3), P12=(2a—3,—a,—a),

with 0 < a < I . Thesepointsare theverticesof a truncatedregulartetrahedron.In

orderto studywhat of thesetruncatedregulartetrahedraaresymmetriccentralconfigu-
rations,wemustsolvesystem(1.3) for (q1,. .. , q25) = (P1 ,... , P12) ,namely

(4.1) =—~P~ with~i>0,
i=2

where r~= ~ — Pi I
Since P1 = (3—2a,—a,a),theinnerproducts(0,l,I)~.iP1and (a,3,2a)~.iP1

are zero. Now it is easyto seethat equation(4.1) isequivalentto the system

f(a) :=~(0~l~ .F~=0,
i=2 F1

g(a) =~~,3,2a) .P =0.

It is easyto checkthat f( a) is identically zero for all a E (0, 1) . Now,

I 3a—2a
2 3—2a

+ +
6v/’~(l_a)2 v~(7a2_l2a+9)3/2 8V/~a2

2a—3 4a2—l5a+9 0
~4~(5a2 — 12a+ 9)3/2 + 2~(3 — a)3

Since urn
5...,0,g(a) = +00, lim5...,1 g(a) = —00 and g is a continuousfunction,

we havethat thereexists a0 fi (0, 1) suchthat g(a0) = 0 . Thus,for such a0 , the

points P1,... , ~I2 form a symmetric centralconfiguration andthe lemma isproved. •
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ByusingLemma1.1, weobtainnumericallythat thereexistsa uniquetruncatedreg-
ulartetrahedronwhichisa symmetriccentralconfiguration.Furthermoreg(a) = 0 for

a = 0.5618684192±10_b and this truncatedregulartetrahedronis not regular,i.e.
its edgesarenotcongruent.

5. ORBITS BY THE ACTION OF [3,4],[3~,4] AND [3,4]~

In §2 wehaveseenthat theorbitsofapointof S2 by the actionof [

3,4],[3f,4]

or [3 ,4]f are the verticesof a cube,a regularoctahedron,a cuboctahedron,a trun-
catedcube, atruncatedregularoctahedron,a parailellybevelledcube,a snubcubeor a
parallellybevelledtruncatedcube.

It is well-known that the cube, the regular octahedronand the cuboctahedronare

symmetriccentral configurations [3].

Considerthefollowing points:

P1 = (l,a,b), P2 = (I,-—b,a), P3 = (1,—a,—b),

P4 = (l,b,—a), P5 = (—a,1,b), P6 = (b,l,a),

P7 = (a,l,—b), Pg = (—b,1,—a), P9 = (—b,a,l),

P10 = (—a,—b, I), P11 = (b, —a, I), P12 = (a, b, 1),

P13 = (—1,a,—b), P14 = (—l,b,a), P15 = (—l,—a,b),

P16 = (—1,—b,—a), P17 = (—a,—l,—b), P18 = (—b, —l ,a)

P19 = (a,—l,b), P20 = (b,—l,—a), P21 = (b,a,—l),

P22 = (—a, b, —1), P23 = (—b,—a,—1), P24 = (a,—b,—1),

witho<a,b<I.Letr2=1P1—PiI fori=2,3,...,24.

The set {P1 ,... , P24 } is anorbit by the actionof [3, 4]~. So,if the points P~are

all different, then (P11... , P24) is a symmetriccentralconfigurationif andonly if it
satisfiestheequation

24

(5.1) ~ =~P1 with~i.>0.
i=2

Since P1 (1,a, b) , the innerproducts(—a, 1,0) . pP~and (—b, 0, 1) . pP1 are

zero.Now it is easyto seethat equation(5.1) is equivalentto the system

f(a,b) ~

(5.2)

g(a,b) : (—b,0,1) . = 0.i=2 r
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lf a = I and 0 < b < I , then it is easyto seethat the P1 aretheverticesof a

truncatedcube,and f( I , b) is identically zerofor all 0 < b < I

LEMMA 5.1. Thereexistsa truncatedcubewhoseverticesform a symmetriccentral

configuration.

Proof Let h( b) = g(1, b) with 0 < b.( 1 . Then

h(b)—— b b b 2+b
— ~(l+b2)3/2 4(I+b

2)3/2 + 4 + 2~(1 —b)2

1 b—2 b

~ 2~(l+b)~ + ~(3+b2)3/2

2+b—b2 b —2+b+b2
+ +—+

2~/~(3—2b+ b2)3!2 8’~/~2~/~(3+2b÷b2)3!2

Since limb_,O. h(b) = —co, lim~
1 h(b) = +00 and h is acontinuousfunction,

we havethat thereexists b0 E (0, 1) such that h(b0) 0 . Thus for a = I and

b = b0, (P1, .. . , P24) is a symmetriccentralconfiguration. .

By using Lemma 1.1, we obtain numerically that there is a unique truncated

cube which is a symmetric central configuration. Furthermore h( b) = 0 for

b = 0.3699054980+ 10b0 , andthispolyhedronis not regular.

If a = 0 and 0 < b < I , then the P1 are thevertices of a truncatedregular

octahedronand it is easyto seethat f(0, b) is identicallyzero for all 0 < b < 1 . By
usingthesamekind of argumentsthat in Lemma5.1, wecanshowthefollowing lemma.

LEMMA 5.2. Thereexistsa truncatedregularoctahedronwhoseverticesforma symmet-

ric centralconfiguration.

By usingLemma1.1, we obtainnumericallythat thereisa uniquetruncatedregular
octahedronwhichisa symmetriccentralconfiguration. Furthermoreg(0,b) = 0 for
b = 0.5312723138 ±10_b ,andthis polyhedronis not regular.

If a = b and 0 < a < 1 , thenthe P, aretheverticesof a paralldlly bevelledcube
andit is easyto seethat f(a,a) = g(a,a) for all 0 <a < 1 . Thenextlemmafollows

similarlyto Lemma5.1.

LEMMA 5.3. Thereexistsa parallelly bevelledcubewhoseverticesform a symmetric

centralconfiguration.
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By usingLemma1.1,we obtainnumericallythat thereisa uniqueparallellybevelled

cube which is a symmetriccentral configuration. Furthermoref( a,a) = 0 for a =

0.4037831820±10_b ,andthis polyhedronis not regular.

If 0< a < b <1 ,thentheP~aretheverticesofasnubcube.

LEMMA 5.4. Thereexistsa sunbcubewhoseverticesform a symmetriccentralcon fig-

uration.

Proof The functions f(a, b) and g(a,b) defined in (5.2) are continuousin T =

{(a,b) 10 <a < b < 1) \ {(0,0),(0, I),(1, 1)}
We know that f(0, b) = 0 for all 0 < b < I . An easycalculationshowus that

~f(0,b) <0 for all 0 < b < I . Considerthe segmentsS~= {~¼,)~+ (1 — )..)b) I
0 < )~< l} foreachb~(0,1). Now it iseasyto seethatthereexists Ct >0 such

that

f~,)l+(l—)~)b)<0 if O<)~<e~,and

f(X,)~÷(l—)~)b)>0if l—Eb<)¼<l,

becauselim ~ f( )~,)~+ (1 — )~)b) = + cc. So thereexists )¼E (0, 1) suchthat
f()~,)~+(l—)

1)b) 0. Let ~ bethesmallestpositiverealnumbersuchthatf()~b,.Xb+
(1 — )~)b)= 0. Set = ~ (1 — )~)b)10 < b < l} . It is clearthat is

a connectedcontinuouscurve suchthat decomposesthe interiorof T into two regions

with f( a, b) <0 for all (a, b) T1
On the otherhand,we canseethat g(a, 1) = 0 for all 0 < a < 1. An easy

calculationshow us that ~(a, 1) < 0 for all 0 < a < 1 . Considerthe segments
= {~a,)~)0 < )~< 1} foreach a ~ (0,1). Since lim~_,0+g()~a,)l)= —cc

and ~(a, I) <0 ,thereexistse.~>0 suchthat

g~a,)~)<0 if 0 <)I <s.d, and

g~¼a,)~)>0 if I —E5<)l <1.

Sothereexists )~E (0, 1) such that ~ )~) 0 . Let )~bethegreatestreal
numberin (0,1) such that ~ = 0. Set = {~a,)~) 0 <a < 1}.

is aconnectedcontinuouscurvesuchthatdecomposesthe interior of T into two
regions T3,T4 with g(a,b) >0 for all (a,b) E T4

Itiseasytoshowthatlim~_,0~f~a,l— >~+Aa) = —cc forall a ~ (0,1] and

lim~_,0+g(.\a, I — )~+ )~a) = ÷ccfor all a E [0,1), so T1 fl T4 ~10. An easy

computationshowusthat f(25/8I,40/8l) >0 and g(25/8I,40/81) <0. Hence
n ~ 0. Thus thereexists (a0, b0) inside T suchthat f(a0,b0) = g(a0, b0) =

0 , andthelemmafollows.
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By usingLemma 1.1, weobtainnumericallythat there are exactly two snub cubes
whichare symmetric central configurations, one for a = 0.2904681239±10’° and

b = 0.5124883051±10_In , and theother for a = 0.5124883051±10_b and

b = 0.2904681239±10_in Thesepolyhedraarenot regular.

Considerthefollowing points:

Q1 = (1,—a,b), Q2 (l,b,a), Q3 (1,a,—b),

= (1,—b,—a), Q5 = (a,1,b), Q6 = (—b,l,a),

= (—a,1,—b), Q8 =(b,l,—a), Q9 (b,a,1),

Q10 = (a, —b, 1), = (—b,—a,1), = (—a, b, 1),

= (—l,—a,—b), Q14 = (—1,—ba), Q15 (—l,a,b),

Q16 =(—1,b,—a), Q1., = (a,—1,—b), Q18 = (b,—I,a),

Q19 =(—a,—1,b), Q20 =(—b,—1,—a), Q21 =(—b,a,—l),

= (a, b,—1), = (5, —a,—I), = (—a, —b,—1),

with 0 < a < S < I . Let a, = lQ~— P1 I for i = 1,. . . ,24 . It is easyto

seethat the P~and the Q1 are the verticesof a parallellybevelledtruncatedcube.

(P1, . .. , P24, Q1 ,.. . , Q24) is a symmetriccentralconfigurationif arid only if satisfies
thesystem

F(a,b) := a,1,0) P, ~( a,1~0)Q,.=

(5.3)

G(a,b) := ~ (—b,0,I) .p, + ~ (—b,0,l) ~ =

LEMMA 5.5. Thereexistsa parallelly bevelledtruncatedcubewhoseverticesform a

symmetriccentral configuration.

Proof The functions F( a, b) and G(a, b) definedin (5.3) are continuousin T =

{(a, b) I 0 < a < b < 1} . Since (—5,0, 1) . Q1 = 0 , the function G(a,5) is
continuousfor 0 < a < b < I . An easycalculationshowus lim5_,0~F(a, 5)
—cc and lim5_,~F(a, 5) = +cc for all 0 < S < I , lim~_,1C(a, b) = +cc and

lim~...,O+C(a,b) = —cc for all 0 < a < I , and lim~_,0.C(.\a,)~)= —cc for all
0<a<l.

Let ab be the smallestpositive real numbersuch that F(ab,5) = 0 . Let b5 be

thesmallestreal numbersuchthat b5 > a and C(a,5~)= 0 . Set Z~= {(ab, 5) I
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0 < S < 1} and Z~= {(0,ba) I 0 < a < 1}. Since F(1/3,2/3) > 0 and

G( 1/3, 2/3) > 0 , it is easyto seethat ZF fl Z~~‘ 0.Thusthereexists (00, b0) eT
suchthat F(a01b0)= G(a01b0) = 0 ,andthe lemmafoilows.

By usingLemma1.1, we obtainnumericallythat there is a unique parallelly bevelled
truncated cube which is a symmetric central configuration. Furthermore, G( a, b) =

F(a, 5) = 0 for a = 0.5785659437±10_in and b = 0.2510277455±10_b ,and
thispolyhedronis not regular.

6. ORBITS BY THEACTION OF [3,5] AND [3,5]~

In~2wehaveseenthattheorbitsofapointofS
2 bytheactionof[3,5] or [3,5]~

are thevertices of a regular icosahedron,a regular dodecahedron,a icosidodecahedron,

a truncatedregularicosahedron,a truncatedregulardodecahedron,a parallelly bev-

elledregularicosahedron,a snubdodecahedronor aparallellybevelledtruncatedregular
icosahedron.

It is well-known that the regular icosahedron, the regular dodecahedron and the
icosidodecahedron are symmetriccentral configurations[3].

Let g bethepositivenumbersuchthat ~2 = g + I . It is well-knownthatthepoints

(±6,0,±6g),(0,±6g,±6),(±6g,±6,0)

arethetwelveverticesof a regular icosahedron.The barycentresof their facesarethe
points

(0,±2g,+2g3),(±2g~,0,±2g),

( ±2g,±2~3, 0) , ( ±2~2 ±2~2 ±292)

and themidpointsof theiredgesare thepoints

(0,0,±6g), (O,±6g,0), (+6g,O,0),

(±3,±3g,±3g2),(±3g2,±3,±3g),(±3g,±3g2,±3).

Let c8,/3 E [0,1] suchthat 0 < c~+~3< 1. Itiseasytoseethattheorbitof

P
1=a(—2g

2
12g

2,2g2)+~(—3g2,3,3g)+(l—c~—~)(—6,0,6g)bytheaction

of [3,5] is theset
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O,~p={(±(6—6a—6/3),±2ga,±(6g—2g~a)),

(±2ga,±(6g— 2g1a),(±(6— 6a—6/3)),

(±(6g~2g~1a),(±(6 —6a—6/3),±2ga),

(±(6+4g~+3g~),±3/3,±(6g—4ga—3g/3)),

(±3/3,±(6g—4ga—3g3),+(6+4g1a+3g~/3)),

(±(6g—4ga—3g/3),±(6+4g~+3g~1/3),±3/3),

(±(6— 2g2a+ 3g1/3) ±(2g2a+3/3),±(6g+ 2(1 — 2g)a — 3g/3)),

(±(2g2a+3/3),±(6g+2(1 — 2g)a—3g/3),±(6— 2g2a+ 3~_I/3)),

(±(6g+2(1 —2g)a—3g/3),±(6— 2g~2a+3g~1/3),±(2g2a+3/3))

(±(6— 6a — 3/3),±(2ga+3g/3),±(6g— 2g~a—3g~1/3))

(±(2ga+3g/3),±(6g—2g—3g),±(6—6a—3/3)),

(±(6g—2g—3g~1/3),±(6—6a—3/3),±(2ga+3g/3))

(+(6 — 2g2a — 3/3),±(2g2a+3g/3),±(6g+ 2(1 — 2g)a —

(+(2g2a+ 3g/3),±(6g+2(1 —2g)a~3g~/3),±(6— 2g~2a—3/3))

(+(6g + 2(1 — 2g)a— 3q_1/3),+(6 — 2g2a — 3/3),±(2g2a+3g/3))}.

Let r~ = P — P
1 I for P E O~\ {P1 }. The points of ~ form a symmetric

centralconfigurationif andonly if they satisfythe equation

(6.1) =—~iP~ with ~i>O.
PEO~\(P1) ~‘

Suppose that a + ~ 0. Let Q1 = (g,(
2ga + 3g2/3)/(2g2a+ 3/3),1) and

= (3 — 4a — 3/3—6 — 3g + 4a + 3/3—3 + 39 + 4a + 3j3). Since the inner
productsP

1 .Q1 and P1 .Q2 arc zero, it is easy to see that the equation (6.1) is equivalent

to the system

f1(a,/3) := ~ P.Q1 ~
rp

(6.2)

g1(a,/3) := ~ P~2 0.
PEO~\~P1}

If a = 0 and 0 < /3 < 1 , then theelementsof aretheverticesof a trun-

catedregularicosahedron.Now Q1 = ~ ~2 I) . Sincethe innerproducts (g, ~2, 1)
(_3~2,3,3~) and (9921) -(—6,0,6g) arezero,itiseasytoseethatf1(0,/3) is

identicallyzero for all 0 < /3 < 1
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LEMMA 6.1. Thereexistsa truncatedregular icosahedronwhoseverticesform a sym-
metriccentralconfiguration.

Proof Aneasycalculationgiveusthat1im~_,0+g~(0,8)= +cc and lim~_.1_g~(O,/3)

= —cc. Since 9i (0, /3) is acontinuousfunction, the lemmafollows.

By usingLemma1.1, we obtainnumericallythat there isa uniquetruncatedregular
icosahedronwhich is a symmetriccentral configuration. Furthermorec~(0 , /3) = 0

for /3 = 0.6806072959±10 ~I0~ Thispolyhedronis not regular.
If a = 1 — /3 and 0 < ~3< 1 ,thenthe elementsof are the verticesofa

truncatedregulardodecahedron.Let P = (—6 + 6a + 68,—2ga,6g — 2g~a)
= (1,0,0) and Q’2 = (0,3a’ _.g_2,l). Since P~E O~andfor a= 1—/3

wehavethat the innerproducts ~f’~. Q’1 and ~D{ . Q’2 arezero,it is easyto seethat the

pointsof O~_~ form a symmetriccentralconfigurationif and only if they satisfythe
system

f2(~3):= ~: P;3Q~=0,
PeO,~\{P~} P

pQ2
PeO1_~~\{P~}

where s~ = P — P~Ifor P E °b_fl,~3 \ {P}. Since the inner products Q’1

(0,—2g,2g~)and Q’1 . (O,O,6g) are zero,it is easyto seethat f2(/3) is identi-
calyzeroforall 0 </3<1.

LEMMA 6.2. Thereexistsa truncatedregulardodecahedronwhoseverticesforma sym-
metriccentralconfiguration.

Proof An easycalculationgive us that lim~...,0+92(/3) = —cc and 1im~_,1g2(/~)=

+cc. Since 92(fl) is acontinuousfunction,the lemmafollows. .

By usingLemma 1.1,we obtainnumericallythat thereisa uniquetruncatedregular

dodecahedronwhichis a symmetriccentralconfiguration.Furthermore92 (/3) = 0 for
/3 = 0.5689512783 ±10_b . Thispolyhedronis not regular.

If /3 = U and 0 < a < 1 then theelementsof O~arethe verticesof aparal-
lelly bevelledregularicosahcdron.Now Q1 = (g,g_i, 1) . Since the innerproducts
(g,g_b,l) .(_2g2,2g2,2g2)and (g,g_1, 1) .(6,0,6g) arezero,itiseasytosee

that f1(a,0) is identicallyzero for all 0 <a.< I
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LEMMA 6.3. There is a parallelly bevelledregularicosahedmnwhoseverticesform a

symmetriccentralconfiguration.

ProofAneasycalculationgiveusthatlim~_,0+g1(a,0) = +cc and lim~_1.g1(a,0)
—cc. Since 91 ( c~,0) is a continuousfunction,the lemmafollows.

By usingLemma 1.1, we obtain numericallythat there is a uniqueparallelly bev-

elledregular icosahedronwhich is a symmetriccentral configuration. Furthermore,
g1(cx,0) = 0 for a = 0.6251797961±b_b0 . Thispolyhedronisnot regular.

If 0 < a,/3, a + /3 < 1 , then theelementsof ~ aretheverticesof a parallelly

bevelledtruncatedregularicosahedron.

LEMMA 6.4. Thereisaparallelly bevelledtruncatedregular icosahedronwhosevertices
form a symmetric central configuration.

ProofLet P2 =(—6.i-2g
2a+3/3,2g2a+3g/3,6g+2(l—2g)a—3g~/3). Since

the innerproductsP
2 . Q2 is zero,we maydefinea continuousfunction

G Jgi(a,j3) if 0<a,/3,a+/3<l,(a/3)_1291(aO) if 0<a<l and /3=0.

An easy calculation give us that lim~_,0+G(a, )~(1 — a)) = +cc and

lim~_,1G(a,)~(1—a)) = —cc forall 0 < )~< 1 ,and lim~_,0,f1~(1—/3),8) =

+cc and limfl_,b~f1()l(l—/3),8)= —cc for all 0 <)l < I

Let a~be the smallestpositive real number suchthat G(a~,)¼(1— ax)) = 0.
Let b~be thesmallestpositiverealnumbersuch that fi~l(I — b~),b,~)= 0. Set
Z0 = {(a~,)~(l—ak)) 0 < )~< l} and Z1 = {~(l —b~),b~)0 < )1 < I}.

Since f1(15/41,20/4l) < 0 and g~(l5/4l,2O/4l) < 0, it is easyto seethat
ZG fl Z1 ~ 0. Thus thereexists (a0 , b~)suchthat 0 < a0,b0 , a0 + b~< I and

f1(a0 , b0) = g1(a0 , b~) = 0 andthe lemmafollows. .

ByusingLemma1.1, weobtainnumericallythat thereis a uniqueparallellybevelled

truncated regular icosahedron which is a symmetric centralconfiguration.Furthermore,

f1(a,/3)g1(a,/3)0 for a=0.3639l73493±l0~’° and /3=0.3709253130±
10 ~b0 Thispolyhedronis not regular.

Let be theorbitof P1 bytheactionof[3,5]~ . Let Q’2’ = (—3 —6g+
4ga+

2a÷3g/3+3/3,6+3g—4a—3/3,—3g2—2ga—3g/3).SinceQ
1,Q~arelinearly

independentfor all a,/3 E 7’ \ {(0,0),(I ,0),(0, l)},where T = {(zy) E R
2 I

0 < z,y, z + p < 1} and theinnerproducts P
1 . Q1 and P1 . Q’~ arezero,it is easy

to seethatthepointsof ~ form a symmetriccentralconfigurationif and only if they
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satisfythe system

J(cw,f3) := ~ P~3Q1=0,
PeO~~\{P,) ~

~(cv,/3):= =0.
PEO~\{P,) ~

If 0 < a,13,a+ /3 < 1 ,thenthe elementsof ~ are the verticesof a snub

dodecahedron.

LEMMA 6.5. There exists a snub dodecahedron whose verticesforma symmetriccentral

configuration.

Pmof(sketch). We see that ~( 0,/3) < 0 for all 0 < /3 < 1 . Since f( 0, /3) = 0

for all 0 < /3 < 1 , for each /3 thereexists e19 > 0 suchthat f( a, /3) < 0 for

all 0 < a < s~.We seethat thereexists e > 0 such that ~( a,0) > 0 for all
1 —C<a< I. Since limA_,I_f(l —)l,)l)=+cc,foreach /3E(0,1) thereexists

)~e(0,I) suchthat f(I —)~,/3)~)= 0. Let )~bethesmallestpositivenumbersuch
that f( I — )~,/3)~) = 0 . Set = {( I — )~,/3)~) I 0 < /3 < I }. It is clear that

Z1 is a connectedcontinuouscurve.

Weseethat~(a,1 —a) <0 forall 0 <a <1, 1im~_,1_~(0,)~)= +cc and

1im~_,1_~ 0) = +cc. So thereexists c > 0 suchthat ~(Aa, )~(1 — a)) > 0

for all 1 — c < )~< I and for all 0 < a < I . We seethat limA...O+ ~(Xa,)¼(1 —

a)) = + cc for all 0 < a < I . Thus for each a ~ [0, 1] thereexists )~E (0, 1)

such that ~( )~a,)~(1 — a)) = 0. Let )~bethe greatestrealnumberin (0, 1) such
that ~)~a,)~(1 — a)) = 0. Set = {~~a,)~(1— a)) I 0 < a < 1). It
is clear that is a connectedcontinuouscurve. Since f(21/41 5/41) > 0 and

~(2l/4l ,5/4l) <0 ,it is easyto seethat fl Z~~ 0. Thusthelemmafollows. .

By usingLemma 1.1, we obtain numericallythat there are exactly two snubdo-

decahedrawhich are symmetriccentral configurations.The setsof verticesof these

polyhedraare ~ and O~\ ~ for a = 0.4514835820+ 10_i0 and /3 =

0.2278940667+ IO~’°. Thesepolyhedraarenot regular.

Proof of Theorem A. The existenceof the symmetriccentralconfigurationsgiven in
TableI follows by Lemmas3.2, 3.3,4.1,5.1,5.2, 5.3, 5.4,5.5,6.1, 6.2, 6.3, 6.4and 6.5.

The uniquenesshasbeenobtainednumerically. .
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